We extend the combinatorial construction of invariants of smooth, compact closed 3-manifolds as given by Turaev and Viro to obtain invariants of 3-manifolds with boundary. The technique uses quantum 6j-symbols associated to the quantized universal enveloping algebra U q (s`(2; C)) (q a root of unity) to give a construction of a state sum for given triangulation. This state sum is then invariant under subdivisions and isotopies of the boundary. Our methods also lead to a simpli ed proof of the main result of Turaev and Viro: that the state sum is independent of the triangulation and hence gives rise to an invariant of the manifold. We use surgery to calculate the state sum for some (closed) manifolds. Our results also con rm a recent nding of Turaev, which relates this theory to the topological quantum eld theory with a Chern-Simons action in the sense of Witten.
Introduction
In an article Turaev and Viro TV] have constructed nontrivial \quantum" invariants of compact 3-manifolds M in the form of state sums (called partition functions in statistical physics and vacuum functionals in quantum eld theory) associated with the quantized universal enveloping algebra U q (s`(2; C)) where q is a complex root of unity of a certain degree 2r > 4. The state sum is rst de ned for a given triangulation X of M and then shown to be independent of the triangulation thus giving rise to a well de ned invariant of M, which thus depends on q. This result may be viewed as a rigorous mathematical construction of what is called topological quantum eld theory (see also DJN]). In fact, in the language of physicists, a triangulation corresponds to the introduction of a high-energy cut-o . Now topological quantum eld theories have trivial dynamics, are scale invariant and more generally independent of any metrics. Invariance under subdivisions is just the statement that the renormalization group transformation is trivial. This result suggests that the familiar techniques from algebraic topology should become useful to construct and discuss other topological quantum eld theories.
The purpose of this article is to introduce observables into the Turaev-Viro approach in the form of certain closed (piecewise) smooth 2-submanifolds forming the boundary @M of M, whose \expectation values" are invariants. In the case that the 2-submanifolds consists of several copies of 2-tori, these 2-tori may be viewed as blown up links, i.e. the boundaries of tubular neighborhoods of such links. Invariance is then just the statement that these 2-tori around the links may be chosen arbitrarily \small". In our construction of the state sum, @M is not assumed to be orientable, the case M = RP 2 0; 1], @M = RP 2 f0g RP 2 f1g being an example. Now we brie y outline our approach. Let X be a triangulation of M which induces a triangulation @X of @M. Then to X we associate a state sum Z(X) using in the construction 6j-symbols within the abstract and more general set-up of Turaev and Viro, for which the quantum 6j-symbols of U q (s`(2; C)) form an example. Our construction agrees with that in TV] for the case @M = ;. For su ciently ne triangulations (a notion, which we will make precise below), we show that this state sum is independent of the triangulation and hence de nes a state sum Z(M). Moreover, we show that the state sum Z(X) is invariant under simple isotopy of the boundary @X. We recall that basically a simple isotopy of @X consists of successive addition to X of 3-simplexes 3 2 X which intersects @X in exactly r (1 r 3) 2-simplexes in common with @X. We multiply the 6j-symbols (1.1) over all 3-simplexes 3 in X and the 6j-symbols (1.2) over all 2-simplexes in @X. The resulting expression is multiplied by a certain weight (similar to the procedure in TV]). The state sum is then given by summing over all j and J, for which the 6j-symbols (1.1) and (1.2) are de ned and nonzero. Note that in contrast to lattice gauge theories where the sum is taken over the group, here the sum is taken over the dual variables, namely the representations of the quantum group.
The invariance of the state sum under isotopies of the boundary is an easy consequence of ve polynomial relations involving ve 6j-symbols, which follow from a Biedenharn-Elliot relation. In fact these relations can be viewed as combinatorial versions of a local Stokes theorem. It is remarkable that in the context of Regge calculus a Stokes theorem type relation is also responsible for the invariance of Lipschitz-Killing curvatures on p.l. spaces under subdivisions (see R], CMS]). Invariance under subdivisions is then a consequence of the Stokes theorem mentioned above and relies on the following arguments. Consider a subdivision of X localized in Y X. There are two cases: i) If Y near is the boundary @X, we shift @X using the invariance under isotopies of @X such that the state sum has no contributions from Y .
ii) If is not near the boundary @X, using our Stokes theorem we create a hole close to Y and obtain again case i). In fact by Stokes theorem the contributions from the interior of Y are replaced by a contribution on @Y .
One natural generalization of our approach would be to work with other q-Lie groups KT] (see also DJN]). Secondly one may introduce on the 2-manifolds @M additional loops (links) L 0 which cross the magnetic ux lines. If the statistical weights of these crossings are given by R-matrices, the state sum is q-invariant and may be formulated analogously to Z*). Another interesting program is to consider the \semiclassical" limit q ! 1. This could shed some new light on the observation in PR], which relates (classical) 6j-symbols to Regge calculus.
In analogy to Turaev and Viro one can freeze the colouring on parts of @M in order to discuss cobordism theory. In this article we do not discuss this issue.
The article is organized as follows. In section 2 we de ne the state sum Z for 3-manifolds with boundary and prove invariance under isotopy of the boundary. We start with a given triangulation and prove independence under Alexander moves. In section 3 the state sum Z is calculated explicitly for some examples using surgery techniques.
2 Construction of a state sum As announced in the introduction, in this section we will work within the general axiomatic set-up of Turaev and Viro. In this section we will generalize this construction and in the next section we will explicitly calculate the state sum for some examples.
For the convenience of the reader and in order to establish notation, we give a brief review of the set-up in TV]. Let K be a commutative ring with unit. By K we denote the set of invertible elements in K. Let I be a nite set, w 2 K a distinguished element and i 7 ! w i a map from I into K . We set We assume there is given a nonempty set of unordered triples (i; j; k) 2 I called admissible. We set (i; j; k) = 1 if (i; j; k) is admissible and zero otherwise. An ordered 6-tuple (i; j; k;`; m; n) is called admissible if the 4 unordered 3-triples (i; j; k); (k;`; m); (i; m; n) and (j;`; n) are admissible. To each such admissible 6-tuple we assume there is associated an element of K the abstract 6j-symbol denoted by i j k m n *) After completion of our calculations we received a preprint Tu2] whose content is also outlined in Tu3] and where this program has been developed. satisfying the following symmetry relations i j k m n = j i k m`n = i k j n m = i m ǹ j k : (2:2)
In addition we impose three conditions. First, the following \orthogonality" relations are supposed to hold (2:8 0 )
such that in particular c = 1. From now on we will assume I to be irreducible. Finally we assume the following polynomial relation to hold in K (the Biedenharn-Elliot identity for 6j-symbols) (2:10 2 ) again with restrictions similar to those in rel. (2.3). We depict this graphically by g. 1 where the 6-tuple (i; j; k;`; m; n) is associated to the 6 edges of a tetrahedron and the elements A; B; C; D 2 I are associated to the vertices. Note that i and`belong to opposite edges and that in the triangle formed by the edges associated to i; j and k the vertex C is opposite to the edge k etc. Using (2.2), (2.3) and (2.4) one deduces from (2:10 2 ) four addition relations given as i j k m n = w ?2 For a given triangulation X of M as above we de ne the state sum to be given by
Here summation is over all such j and J for which the Boltzmann-Gibbs factor (2.13)
is de ned. For the special case @M = ;, this agrees with the de nition of Turaev and
Viro. Remark 2.3: A property of the state sum (2.14) is obvious: If M and hence X is not connected, the state sum is the product of the state sums for the connected components of X with the corresponding decomposition of @X. E.g. Z(X 1 q X 2 ) = Z(X 1 ) Z(X 2 ) if X 1 \ X 2 = ;: Proof: We only consider the addition of a 3-simplex since the argument for the inverse operation given by a subtraction is similar. We will relate these operations to the relations (2.10 4?r ) (r = 1; 2; 3) read from right to left. We now look at the individual terms in the state sum. Only if r = 1, X new has an additional vertex compared to X old . . We apply the rule (2.10 0 ) to (6j)( 3 ) and replace it by four 6j-symbols associated to the four triangles on @ 3 , thus creating a \hole" in X. Theorem 2.6: The following relation is valid if 3 is contained in the interior of X:
The theorems 2.4-6 represent the Stokes theorem referred to in the introduction. The next step is to prove invariance under subdivisions. . This does not change the right hand side of (2.19). Then we perform a deformation in the reverse order by adding all the new 3-simplexes in int st( j;1 (1 j n ? 1) using the rule (2.10 2 ) and then 3 n;1 by using the rule (2.10 1 ). This again does not change (2.21). In the next step we add 3 0;2 by using the rule (2.10 2 ) followed by adding successively 3 j;2 (1 j n ? 1) with the rule (2.10 1 ) and nally 3 n;2 using the rule (2.10 0 ). This nal step kills the extra w 2 factor appearing in (2.21). The invariance of the state sum under Alexander moves is thus completed.
The invariance of the state sum under subdivisions means that it does not depend on the speci c triangulation X and hence de nes an invariant of the 3-manifolds M.
In particular we may use the theorems 2.4-6 and write eqs. Proof: Note that for M = S
